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A novel model capable of quantitatively describing and predicting intracellular ice
formation (IIF) as a function of temperature in a cell population characterized by a
size distribution is proposed. The model overcomes the classical approach which takes
into account a population of identically sized cells. The size distribution dynamics of a
cell population in response to water osmosis and IIF occurrence during the cooling
stage of a standard cryopreservation protocol without using cryoprotective agent
(CPA) is simulated by means of a suitable population balance approach. Specifically,
the model couples the classical water transport equation developed by Mazur1 to the
quantitative description of nucleation and diffusion-limited growth of ice crystals in
the framework of a 1-D population balance equation (PBE). It is found that IIF tem-
perature depends on the cell size, i.e., it is higher for larger cells. Correspondingly,
the probability of IIF (PIIF) results to be dependent on the initial size distribution of
the cell population. Model’s parameters related to the osmotic behavior of the cell
population and to IIF kinetics are obtained by comparison between theoretical results
and suitable experimental data of isolated rat hepatocytes available in the literature.
Model reliability is successfully verified by predicting the experimental data of PIIF at
different, constant cooling rates with better accuracy as compared to the theoretical
approaches available in the literature. VVC 2009 American Institute of Chemical Engineers
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Introduction

In the field of tissue engineering, cryopreservation of bio-
logical cells represents a current evolving technology where
significant advances have been made to date, but several

challenges remain.2 Cryopreservation of cells involves cool-
ing to subzero temperatures with or without CPAs, storage,
thawing and return to physiological environment for specific
usages. During freezing, ice initially forms in the extracellu-
lar medium surrounding the cells. As the extracellular ice
grows, the extracellular solute concentration increases, thus,
imposing a chemical potential difference between the cyto-
plasm and the unfrozen external solution which acts as driv-
ing force for water diffusion out of the cell through the
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plasma membrane, i.e., the osmotic transport. The rate of
the osmotic water transport is limited by the permeability of
the plasma membrane to water. Thus, the osmotic equilib-
rium can be maintained in a cooling process, only if the rate
of cooling is sufficiently slow. On the other hand, if the time
scales for the cooling process is short as compared to that
one for membrane transport, low-temperatures are reached
before significant dehydration takes place, and, thus, the
cytoplasm becomes supercooled. In such a case, a driving
force for IIF is established. Serious damage and injury, and
even lethality occur during freezing due to IIF and ‘‘solution
effect’’, i.e., membrane rupture, mechanical deformation, ex-
cessive cell dehydration, etc., taking place at high- and low-
cooling rates, respectively.3,4

The development of cryopreservation protocols that guar-
antee cell survival is based5 from one side on the use of
CPAs, since the accidental discovery of glycerol,6 which sig-
nificantly prevent cell injury by reducing the intracellular
concentration of water (i.e., the rate of formation of lethal
ice), as well as the concentration of intracellular electrolytes
which otherwise would increase due to water osmosis (i.e.,
protection against solution injury). From the other side, suc-
cessful cryopreservation protocols can be developed by tak-
ing advantage of suitable mathematical models able to pre-
dict the behavior of cells during freezing, along the lines of
the pioneering Mazur’s work.1

Mechanistic models which simulate the behavior of a sin-
gle cell during freezing-thawing processes have been pro-
posed. In these models, osmosis was described on the basis
of the bicompartmental transport Mazur’s model,1 while ice
formation inside the cell was simulated according to the
classical nucleation theory.7 In particular, Karlsson et al.8

developed a physicochemical theory of ice formation inside
biological cells by coupling the water-transport model with
the theory of ice nucleation and crystal growth. More
recently, Gao and coworkers9 proposed a modified version
of Karlsson’s model,8 where the growing, time-dependent
ice volume inside a cell during cooling is accounted for into
Mazur’s equation, thus, properly avoiding the underestima-
tion of the intracellular salt concentration.

These models and other more sophisticated ones where
nonideal, multicomponent liquid aqueous solutions are taken
into account, are able to predict intracellular ice formation
inside the cells as a function of cooling rate, seeding temper-
ature, initial CPA concentration, and CPA type. However, in
these modeling studies ice formation is either accounted for
as taking place within a single representative (i.e., average)
cell,9 or the PIIF is related to the nucleation rate by assum-
ing sporadic nucleation of identical cells.10 On the other
hand, it is difficult to accept on physical grounds that, a rela-
tively high number of cells used during a standard cryopre-
servation protocols are identical, and that different tempera-
tures of IIF for identical cells subjected to the same freezing
cycle may be obtained due to a nucleation process stochastic
in nature. Indeed, as already observed in the literature,1 large
cells are characterized by smaller surface-to-volume ratio
than small ones, and, therefore, are expected to loose less
water during the cooling stage. Consequently, at any given
cooling rate, larger cells retain a higher percentage of inter-
nal water than small ones, so that supercooled conditions are
reached earlier, i.e., at higher-temperatures.1 According to

this picture, a population of differently sized cells subjected
to the same freezing protocol may exhibit different IIF tem-
peratures. Specifically, one would expect that the IIF temper-
ature of large cells is higher with respect to that one of small
cells. In other words, PIIF should be related to the initial
size distribution of a cell population.

Following these considerations, in this study, a novel
model which simulates water osmosis and IIF occurrence
during freezing of a cell population characterized by a size
distribution is presented. Specifically, the model couples the
classical water transport equation developed by Mazur1 to
the nucleation and diffusion-limited growth of ice crystals in
the framework of a 1-D PBE which simulates the dynamics
of a cell population volumic distribution during the cooling
stage of a standard cryopreservation protocol without CPA.
In addition, the model properly accounts for the liquid vol-
ume inside each cell when evaluating the ice nucleation rate.

Model equations

The proposed model is aimed to simulate the cooling
stage of a population of spherical biological cells with a cer-
tain size distribution suspended in a water/sodium chloride
solution. Each cell is modeled as surrounded by a semi-
permeable membrane, as depicted in Figure 1. Proteins, or-
ganelles and other macromolecules is representative of the
cell volume Vb, which remains inactive to all physical proc-
esses considered in the proposed model. On the other hand,
total cell volume V changes due to exosmosis of water
occurring during freezing, as well as to intracellular ice crys-
tal nucleation and growth. Water osmosis and IIF determine
the corresponding variation of intracellular salt concentra-
tion, and, thus, of water and ice volumes, i.e., Vwater and
Vice, respectively.

The model is based on the following assumptions:
• Cells are suspended in a solution whose initial condi-

tions are isotonic;
• The extracellular solution is in thermodynamic equilibrium

with extracellular ice seeded at a specific temperature Tseed;
• Constant densities;
• Negligible difference between ice and liquid water den-

sities;
• Constant osmotically inactive cell volume fraction vb;
• Negligible impingement between intracellular ice crys-

tals.

Figure 1. Schematic representation of the cell model.
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Model equations along with the corresponding initial and
boundary conditions, are summarized in Table 1 for the sake
of brevity. In particular, the system temperature is varied
with time at a constant cooling rate, B starting from the ini-
tial value of 273.15 K (cf. Eq. 1). The dynamics of cell pop-
ulation volumic distribution during the cryopreservation pro-
tocol is quantitatively described by means of the 1-D PBE
reported in Eq. 2 along with the corresponding initial and
boundary conditions. Here, n(V;t) represents the cell-number
density distribution (i.e., n(V;t)dV is the number of cells in
the population that at time t possess a volume between V
and VþdV), while Gv(V) is the rate of cell volume variation
(i.e., the so-called growth rate). Clearly, n0(V) refers to the
initial (i.e., at isotonic condition) volume-size distribution of
the cell population. N0

tot is the initial total number of cells in
the population. Basically, the integral boundary condition
ensures that, during cooling, the total number of cells in the
population does not change with time. On the other hand, a
negative growth rate Gv(V), due to water osmosis out of cell
during cooling, shifts the cell-number density distribution
n(V;t) toward smaller volumes, thus, simulating cells shrink-
age in a hypertonic environment. The rate of cell volume
Gv(V) variation may be evaluated by considering the classi-
cal Mazur’s equation.1 The latter one reported in Eq. 3 quan-
titatively describes the temporal variation of the total volume
of every size class of the cell population driven by the os-
motic gradient between intra- and extra-cellular solution con-
centrations expressed in terms of water mole fractions xintH2O
and xextH2O

, respectively. In particular, the logarithmic driving
force appearing in Eq. 3 is valid if ideal, but not-dilute
liquid solutions are assumed inside and outside the cells.1,7

Lp represents the effective membrane permeability to water,
which accounts for the effect of the two boundary layers
in contact with the internal and external cell membrane
surface, respectively.11 In Eq. 3, R and vH2O represent the
universal gas constant and the molar volume of
water, respectively, while A is the cellular membrane surface
area.

It is apparent that, water osmosis rate, i.e., Eq. 3, simu-
lates the temporal variation of any single-size class cell, by
following its own temporal evolution from the initial volume
to the final one. On the other hand, the continuous modeling
framework represented by the PBE approach quantitatively
describes the dynamics of the size distribution of the cell
population by focusing on specific, fixed-class volumes
which are reached, as time varies, by cells of different ini-
tial, isotonic volumes. Besides, a careful analysis of water
osmosis rate equation reveals that volumic evolution of ini-
tial, differently sized cells never intersect, i.e., the relatively
large and small cells of the initial population will always
correspond to the relatively large and small cells of the cur-
rent, shrinking-in-size population. Therefore, Gv(V) in PBE
and dV

dt in Eq. 3 coincide, as indicated in the equations
reported in Table 1, if referred to the same current, changing
volume V(t).12

The intracellular liquid molar fraction of water xintH2O
appearing in Eq. 3 is determined by means of Eq. 4, where
u, assumed equal to 2, represents the dissociation constant
of salt in water, while MWH2O

and MWNaCl are the molecular
weight of water and salt, respectively. The intracellular salt
wt % SintNaCl is calculated through Eq. 5, where qH2O

is the

pure water-mass density, c0 is the isotonic concentration and
V0 the initial, isotonic cell volume.

The extracellular water molar fraction xextH2O
is evaluated

through Eq. 6. Here Seq(t) representing the salt wt % at equi-
librium in the extracellular solution, is obtained implicitly
from the NaCl-H2O liquidus line experimentally determined
by Pegg13,14 (cf. Eq. 7), at any system temperature smaller
than Tseed down to the eutectic temperature Te, (i.e.,
�21.2�C). Then, according to the binary phase-diagram of
H2O-NaCl, when the system temperature falls below Te, in
the extracellular medium assumed in thermodynamic equilib-
rium, the liquid phase is no longer present, and the cooling
of pure ice and eutectic solid phase takes place. Correspond-
ingly, the osmosis rate equation (cf. Eq. 3) vanishes at the
eutectic temperature and below.

The classic Arrhenius-like temperature dependence15 for
the membrane permeability Lp is taken into account in Eq.
8, where E is the apparent activation energy for the permea-
tion process and the pre-exponential factor Lp,ref represents
the value of permeability at a reference temperature chosen
equal to 273.15 K.

A time invariant surface area A, equal to the area of the
spherical cell under isotonic conditions, i.e., the area of a
sphere with the initial volume V0, is often considered in the
literature. This corresponds to assume that, during water os-
mosis in a hypertonic environment, cell membrane does not
shrink but folds itself, thus, preserving its ability to transfer
water.11 This simplifying assumption may be acceptable,
even if not accurate, for several cell types. However, in this
work, it seems more reasonable to assume that the effective
surface area of a spherical cell of shrinking volume V, varies
with time as stated by Eq. 9.

The intracellular liquid water volume Vwater appearing in
Eq. 5 may be evaluated through Eq. 10, where all the contri-
butions to cell volume V, as depicted in Figure 1, are taken
into account. It should be noted that, in order to fulfill the
initial isotonic conditions, the salt volume is evaluated by
accounting for the number of nonpermeant salt moles dis-
solved in the intracellular solution (cf. Eq. 12).

In order to determine the intracellular ice volume Vice

appearing in Eq. 10, the modeling of IIF for any size class
cell of the considered population needs to be addressed. To
this aim, it is worth noting that, when a freezing process is
carried out without CPAs, like the one simulated in this
work, internal ice nucleation takes place at relatively high-
temperatures, i.e., when crystal growth is relatively fast.
Therefore, the rapid ice-crystal growth in association with a
small control volume (i.e., cell volume) generates only a
very limited number of ice crystals inside any single cell of
the population (typically no more than one, under several
operative conditions considered in this work). This aspect
clearly prevents the application of the PBE continuous mod-
eling approach also for simulating ice nucleation and growth
inside any size class of the cell population. Consequently,
the evaluation of intracellular ice volume Vice is performed
through a discrete modeling approach by following the fate
of any single ice nucleus that first forms, and then grows as
time increases, inside any size class of the cell population.
Specifically, in Eq. 13 shown in Table 1, Vice is obtained by
summing up the volumes of all the spherically growing ice
crystals of radius ri(t) nucleated so far (Nice(t)). The latter
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Table 1. Model Equations

Cooling temperature dynamics

TðtÞ ¼ 273:15� B � t or
T ¼ 273:15 t ¼ 0

T ¼ Tseed t > 0

�
(1)

Cell population volumic distribution dynamics

@ n V; tð Þ
@t

þ @ Gv Vð Þ � n V; tð Þ½ �
@V

¼ 0

n V; tð Þ ¼ n0 Vð Þ at t ¼ 0 ; 8V 2 0;þ1½ ½Rþ1

0

n V; tð Þ dV ¼ N0
tot 8t

8<
: (2)

Osmotic water transport dynamics

Te � T � Tseed

dV

dt
¼ GvðVÞ ¼ �LpðtÞ � AðtÞ � < � TðtÞ

vH2O
ln

xintH2O
ðtÞ

xextH2O
ðtÞ

 !
; V ¼ V0 at t ¼ 0

(3)

xintH2O
ðtÞ ¼ u

MWH2O

MWNaCl

SintNaClðtÞ
100� SintNaClðtÞ
� �

þ 1

� ��1

(4)

SintNaClðtÞ ¼
c0 � V0 � 1� vbð Þ �MWNaCl

c0 � V0 � 1� vbð Þ �MWNaCl þ qH2O � VwaterðtÞ � 100 (5)

xextH2O
ðtÞ ¼ xeqH2O

ðtÞ ¼ u
MWH2O

MWNaCl

SeqðtÞ
100� SeqðtÞ
� �

þ 1

� ��1

(6)

TðtÞ ¼ 273:15� 0:6ð Þ � SeqðtÞ � 1� 10�3
� � � S2eqðtÞ � 4:5� 10�4

� � � S3eqðtÞ (7)

LpðtÞ ¼ Lp;ref � exp � E

<
1

TðtÞ �
1

273:15

� �� �
(8)

AðtÞ ¼ 4p � 3

4p

� �2=3
�VðtÞ2=3 (9)

Intracellular liquid water volume

VwaterðtÞ ¼ VðtÞ � Vb � ViceðtÞ � VNaCl (10)

Vb ¼ vb � V0 (11)

VNaCl ¼ vNaCl � nNaCl ¼ vNaCl � c0 � 1� vbð Þ � V0 (12)

Intracellular ice mass balance

ViceðtÞ ¼
0 if NiceðtÞ ¼ 0PNiceðtÞ

i¼1

4p
3

riðtÞ½ �3 if NiceðtÞ � 1

8<
: ; NiceðtÞ ¼ int NiceðtÞ

� �
(13)

Nucleation and growth of intracellular ice crystals

d �Nice

dt
¼ B0ðtÞ ; �Nice ¼ 0 at t ¼ 0 (14)

B0ðtÞ ¼ JðtÞ � VðtÞ � Vb � ViceðtÞð Þ (15)

JðtÞ ¼ J0 � DðtÞ � exp � ENðtÞ
kB � TðtÞ

� �
(16)

EN ¼ 4

3
p � c � r�2 (17)

r�ðtÞ ¼ 2 � c � vice
< � TðtÞ � ln xint

H2O
ðtÞ

xeq
H2O

ðtÞ

� � (18)

DðtÞ ¼ kB � TðtÞ
6p � a0 � gðtÞ (19)

gðtÞ ¼ gwðtÞ � exp
ke � /s SintNaCl

� �
1�Q � /s SintNaCl

� �
 !

(20)

/s SintNaCl

� � ¼ vNaCl þ h � vH2O

MWNaCl

qH2O
100

Sint
NaCl

ðtÞ � 1
� 	

þ vNaCl
(21)
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one may be evaluated from the knowledge of the ice nuclea-
tion rate in a cell (B0) as shown in Eq. 14, where the ab-
sence of ice crystals inside any size class of the cell popula-
tion is guaranteed by the initial condition. In addition, since
Eq. 13 is based on a discrete modeling approach Nice(t), has
to be a natural number. Consequently, it is evaluated by
truncating (to the smallest near integer) the real number
Nice(t) obtained upon integration of Eq. 14.

Following the classical nucleation theory16 which defines
a specific nucleation rate J (i.e., number of nuclei formed in
a unit time per unit of liquid volume), the ice nucleation rate
B0 can be expressed as proportional to the liquid volume
inside a cell, as shown in Eq. 15 of Table 1. It is worth not-
ing that, even if Zhao et al.9 properly improved the determi-
nation of osmotic driving force in Mazur’s equation by tak-
ing into account Vice when evaluating the nucleation rate, the
sum of intracellular liquid volume and ice volume inside the
cells was considered as control volume.

The specific nucleation rate J is given by Eq. 16, while
the corresponding activation energy of nucleation EN may be
obtained from Eq. 17, being the critical radius r* given by
Eq. 18. According to Dirksen and Ring,16 the rate of hetero-
geneous nucleation has the same form as the homogeneous
one (i.e., on a per volume basis), being the difference only
related to the specific value of the surface energy.

It is worth noting at this point that, while water osmosis
stops when the system temperature reaches the eutectic value,
IIF still takes place. Indeed, while extracellular medium is
assumed under thermodynamic equilibrium conditions, this is
not true for intracellular liquid and solid phases. Conse-
quently, nucleation and ice-crystal growth driving forces need
to be determined even at temperatures below the eutectic
point. Under these conditions, following Zhang and Stangle17

and Locci et al.,18 xeqH2O
(t) is determined by extending the liq-

uidus line of the NaCl-H2O binary phase diagram (cf. Eq. 7)
down to �40�C, thus considering a metastable liquidus line.

The diffusivity of water appearing in Eq.16 is determined
through the Stokes-Einstein equation reported in Eq. 19
shown in Table 1. Solution viscosity is evaluated as shown

in Eq. 20 of Table 1, according to the model developed by
Vand19–21 for water-NaCl solutions. The volume fraction of
hydrated salt ions suspended in the continuous water me-
dium /s is determined as reported in Eq. 21 of Table 1. The
effective number of water molecules in the hydration shell
of salt molecule, h is a very important parameter, as it influ-
ences cytoplasm solution viscosity, and, indirectly, IIF.
Unfortunately, since no equations are available in the litera-
ture to express the dependence of h as a function of temper-
ature and intracellular salt concentration,9 in this work, it is
assumed constant and equal to 1.

For the temperature-dependence of pure water viscosity
gw(T) appearing in Eq. 20, the phenomenological (power-
law) viscosity model developed by Taborek et al.22 is used
(cf. Eq. 22 in Table 1).

Finally, in order to determine the intracellular ice volume
Vice using Eq. 13, the temporal evolution of the radius of the
i-th ice crystal (ri(t)) needs to be evaluated. To this aim, the
classical diffusion-controlled growth law16 is taken into
account, as reported in Eq. 23 shown in Table 1, where ti is
the birth instant of the i-th ice nucleus, which starts growing
from the actual initial critical radius r*(ti). Basically, for any
size class of the cell population, ti corresponds to the time
instant when the natural number Nice(ti) increases. It is worth
noting that, at any given size class of the cell population, in-
ternal ice nuclei are formed at different times (ti), starting
from different critical size r*(ti), and with different initial
growth rates ðdridt




ti
¼ �DðtiÞ � XgðtiÞ

r�ðtiÞ Þ. According to Zhang and
Stangle17, the driving force of ice crystal growth is evaluated
as reported in Eq. 24, while the effective diffusivity of water
D is calculated for the sake of simplicity on the basis of Eq.
25. Here, Deq(t) corresponds to the water diffusivity given
by Eq. 19 when the intracellular solution viscosity g is eval-
uated at a salt wt % content equal to Seq(t). Indeed, due to
the concentration gradient that drives the diffusion-controlled
growth, an average value of water diffusivity along the diffu-
sion path needs to be evaluated.

In the next section, model results will be discussed and
analyzed also by considering suitable experimental data

Table 1. (Continued)

gwðTÞ ¼ Aw � TðtÞ
225

� 1

� �l

; T > 225 K (22)

riðtÞ ¼ 0 at t\ti when NiceðtÞ ¼ 0
dri
dt ¼ �DðtÞ � XgðtÞ

ri
; riðtÞ ¼ r�ðtÞ at t ¼ ti 8i 2 1;NiceðtÞ½ �

(
(23)

XgðtÞ ¼
xintH2O

ðtÞ � xeqH2O
ðtÞ

1� xeqH2O
ðtÞ (24)

�DðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DðtÞ � DeqðtÞ

q
(25)

giceðtÞ ¼
ViceðtÞ

VðtÞ � Vb
(26)

PIIFðtÞ ¼

Rþ1

0

n V; tð Þjgice�50% dV

N0
tot

(27)

AIChE Journal August 2010 Vol. 56, No. 8 Published on behalf of the AIChE DOI 10.1002/aic 2177



available in the literature.10 Specifically, the temperature at
which IIF occurred experimentally under given freezing con-
ditions was determined from the darkening of the cell due to
the light scattering from small ice crystals forming inside the
cells. The number of iced-up cells is then evaluated using a
cryomicroscopic system. The corresponding PIIF is com-
puted at each temperature level as the fraction of cells with
respect to the total initial ones cumulatively frozen at that
temperature. The value of PIIF at the temperature of �40�C
is then reported as a function of different cooling rates.10 In
order to make an appropriate comparison with these experi-
mental data, in this work it is assumed that cells are iced-up
when the ice volume percentage defined through Eq. 26, as
reported in Table 1, reaches the value of 0.5. In the follow-
ing section, the reliability of such a choice will be analyzed.
Correspondingly, in this work the PIIF is defined as shown
in Eq. 27 of Table 1. It is apparent that the PIIF definition
introduced in this work is related to the corresponding exper-
imental quantity. In fact, while the denominator represents
the total number of cells, the numerator apparently displays
a cumulative character, thus, providing the cells cumula-
tively ‘‘frozen’’ at the given temperature. It is worth noting
that, while in previous models based on sporadic nucleation,
the PIIF may be defined for a system composed of identical
biological cells only when crystallization (i.e., crystal
growth) time is negligible with respect to the nucleation
time7 (i.e., a single ice nucleus per cell is formed), the deter-
ministic approach adopted in our work permits to provide a
more general definition of PIIF, i.e., independently from the
number of nuclei inside cells. This way, a comparison with
experimental data in terms of PIIF can be made even if
more than one ice nucleus is formed inside a single cell.
Thus, the structure of our model falls well within the lines
very recently drawn on this aspect by Karlsson.23

Numerical solution

The equations of the proposed model are solved numeri-
cally as a time-dependent problem. The system of equations
consists of complexly coupled algebraic and differential
equations. In particular, Eqs. 1, 10 and 13 are explicit alge-
braic equations used to evaluate the system temperature,
water, and ice volume in any size class of the cell popula-
tion, respectively. Equation 7 is an implicit algebraic equa-
tion (solved by Newton’s method) that provides the wt %
content of salt in the extracellular liquid solution. Eqs. 3, 14
and 23 are ordinary differential equations (integrated as an
initial value problem by means of standard numerical libra-
ries, DIVPAG, IMSL), which provide total cell volume,
number of ice crystals, and the size of every ice crystals in
any size class of the cell population, respectively. Finally,
Eq. 2 is a partial differential equation (in the variables t and
V) used to calculate the size distribution of the cell popula-
tion. It is solved through the method of lines24 by discretiz-
ing only the partial derivative with respect to V using a con-
stant step-size mesh. Typically, 1000 fixed-grid points are
used, since finer grids do not provide significant improve-
ments in accuracy. Thus, the partial differential equation
(Eq. 2) is reduced to a system of ordinary differential equa-
tions in time, which is integrated as an initial value problem
by means of standard numerical libraries (DIVPAG, IMSL),

along with the remaining ordinary differential equations of
the proposed model. All integrals along the V domain
appearing in model equations are numerically evaluated by
means of trapezoid rule.

In the framework of the method of lines, the determination
of Gv(V) in Eq. 2 from dV

dt in Eq. 3 deserves a comment.
Indeed, according to the discretization of the partial deriva-
tive along the V domain of the PBE, at any time t of tempo-
ral integration, Gv(V) needs to be evaluated at the nodal,
fixed discretization points, as schematically depicted in Fig-
ure 2. However, the volume trajectories of any size class of
the cell population obtained by integrating Eq. 3 may not
coincide with the chosen nodal, fixed discretization points at
any time during the temporal integration. For this reason
Gv(V) in the nodal, fixed discretization points is determined
by a simple linear interpolation between the nearest volume
trajectories, as shown in Figure 2.

Results and Discussion

The mathematical model proposed in this work is applied
to quantitatively describe and predict IIF taking place in a
cell population characterized by a size distribution during
the cooling stage of a standard cryopreservation protocol
where no CPA is used. Model reliability is verified by com-
paring theoretical results and the experimental data related to
isolated rat hepatocytes reported by Toner et al.10 In particu-
lar, the experimental data considered in this work to deter-
mine the values of the adjustable parameters of the proposed
model are related to a population constituted by a suffi-
ciently high number of cells for which the application of a
PBE approach seems reasonable. However, cryomicroscopic
experimental data in terms of PIIF during cooling are
typically obtained by observing the behavior of a restricted
number of cells, and without providing the initial, isotonic
cell-diameter distribution. On the other hand, the latter infor-
mation is reported by Toner et al.10 and is shown in Figure
3. It represents a histogram (frequency) distribution N0(L)
along cell diameter L related to 91 cells at ambient tempera-
ture under isotonic conditions. The corresponding cell-num-
ber density distribution as a function of cell volume, which
represents the initial condition n0(V) of Eq. 2 reported in

Figure 2. Discretization grid in the cell volume domain
for integrating PB in Eq. 2.
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Table 1, may be readily calculated from the experimental
histogram reported in Figure 3, as n0ðVÞ ¼ N0ðLÞ

DL � 2p � 1
L2, where

L is the average diameter in the corresponding histogram
interval DL. The obtained results are then suitably interpo-
lated as reported in Figure 4a, through standard cubic spline
functions.

Since one of the primary aims of this work is to demon-
strate that IIF taking place during a standard cryopreserva-
tion protocol results to be dependent on the initial size distri-
bution of a cell population, two additional fictitious, narrow,
initial cell-number density-distributions n01(V) and n02(V), will
be also considered, as reported in Figure 4b. It is apparent
from Figure 4 that the two fictitious distributions are charac-
terized by mean values which correspond to the smallest and
the largest size class cells of the experimental distribution,
respectively. These narrow distributions, indeed, have been
adopted as initial conditions of the proposed model in order
to highlight the different behavior of large and small
cells with respect to the experimental distribution shown in
Figure 4a.

As reported in Table 2, the proposed model contains a
large number of parameters. In particular, five of them (i.e.,
Lp,ref, E, vb, J0 and c) are obtained by direct comparison
with experimental data, following the procedure described
next, while the remaining ones are taken from the literature.
Ideally, the reliable evaluation of the five adjustable parame-
ters mentioned previously, three of which (i.e., Lp,ref, E, and
vb) are characteristic of water osmosis of the specific cell
lineage at hand, while J0 and c are related to IIF kinetics,
should be obtained independently using specifically designed
experimental runs. In particular, the temporal evolution of
the size distribution of the adopted cell lineage population
should be first measured by an electronic particle-size coun-
ter27,28 at relatively high-temperatures in order to prevent ice
formation. Thus, the characteristic parameters related to the
water osmosis, could be determined by direct comparison
between these experimental data and a simplified version of
the proposed model where IIF is neglected.28 Next, the
remaining parameters related to the ice nucleation could be
evaluated through a standard fitting procedure of suitable
cryomicroscopic experimental data in terms of PIIF during
cooling of a relatively abundant population of cells against
the complete version of the proposed model, where the os-
motic parameters are maintained fixed as previously
obtained.

Unfortunately, since, to the best of our knowledge, an
entire set of experimental data of the type described previ-
ously is not available in the literature, in this work all the
five adjustable parameters are evaluated simultaneously by
direct comparison between the complete version of the pro-
posed model and the PIIF experimental data of 60 isolated
rat hepatocytes when a cooling rate of �400�C/min is
used.10 The value of the parameters obtained by means of a
standard fitting procedure based on least-squares minimiza-
tion is reported in Table 2, while the comparison between
model results and experimental data is shown in Figure 5.
As it can be seen, a good agreement is achieved; being the
average percentage error obtained during the fitting proce-
dure equal to about 10%. In particular, the proposed model
is able to simulate the completion of IIF at �400�C/min in
the temperature range (�5�C 	 �15�C), when the initial
cell-size distribution reported in Figure 4a is considered. On

Figure 3. Diameter distribution of isolated rat hepato-
cytes in DMEM at 22�C (adapted from Toner
et al.10).

Figure 4. Initial conditions for Eq. 2: experimental and interpolated cell-number density distribution as a function
of cell volume obtained from Figure 3 (a), and narrow-number density distributions of fictitious popula-
tions of small and large cells (b).
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the contrary, by adopting the two fictitious initial distribu-
tions reported in Figure 4b, while keeping constant all the
other parameters and operative conditions of the experimen-
tal run, the PIIF vs. system temperature simulated by the
proposed model is completely different. Indeed, the model
predicts no IIF down to �16�C for the case of the narrow,
small-size distribution of the cell population, while an abrupt
increase of PIIF takes place around �5.5�C, for the case of
the narrow, large-sized cell population. Thus, differently
sized cells in a population exhibit a different IIF temperature
under the same operative conditions. Specifically, the tem-
perature of IIF is higher for the larger cells and, correspond-
ingly, smaller cells are less prone to IIF. Moreover, the
obtained values of the osmotic parameters (i.e., Lp,ref, E, and
vb) reported in Table 2 are similar to those reported in the

literature.10 On the other hand, the obtained values of param-
eters J0 and c related to IIF kinetics cannot be directly com-
pared to the two ones typically determined in the literature,
since a different modeling approach with diverse mathemati-
cal relationships has been adopted for the nucleation rate.
On the other hand it is worth noting that, when comparing
our approach to previous ones, the tuned parameters of the
proposed model are determined as invariant with the
imposed cooling rate. In fact, it is difficult to accept on
physicochemical grounds that the parameters of previous
models may be determined as dependent on cooling rate,
even if average values are then used during simulations.10

On the basis of the results shown above, the reliability of
the proposed model is then tested by predicting the experi-
mental run reported in Figure 6. Here, the fractional cell vol-
ume at a constant holding temperature of �1.1�C (¼ Tseed)

Table 2. Model Parameters

Parameter value unit reference

a0 1.4 � 10�10 [m] [25]
Aw 0.139 � 10�3 [kg m�1 s�1] [7]
c0 142.5 [mol m�3] [10]
E 2.15 � 105 [J mol�1] This work (tuned parameter)
h 1 [—] This work
J0 1.75 � 1024 [# m�5] This work (tuned parameter)
ke 2.5 [—] [7]
Lp,ref 7.82 � 10�13 [m3 N�1 s�1] This work (tuned parameter)
N0
tot 91 [—] [10]

Q 0.61 [—] [7]
Te 251.95 [K] [13,14]
Tseed 272.15 [K] [10]
vb 0.465 [—] This work (tuned parameter)
vH2O 1.8 � 10�5 [m3 � mol�1] [26]
vice 19.65 � 10�6 [m3 � mol�1] [26]
vNaCl 2.69 � 10�5 [m3 � mol�1] [26]
c 1.043 � 10�3 [J m�2] This work (tuned parameter)
l �1.64 [—] [7]
qH2 O 106 [g � m�3] [26]

Figure 5. Comparison between experimental PIIF for a
population of rat hepatocytes cooled at
2400�C/min, and model result (solid line),
along with model simulations performed
using the fictitious initial narrow distributions
of small (dashed line), and large cells (dotted
line).

Figure 6. Comparison between experimental data and
model predictions in terms of temporal
behavior of the average fractional volume of
isolated rat hepatocytes cooled at a constant
temperature of 21.1�C in the presence of
extracellular ice.
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is reported as experimentally measured by microscopically
observing the behavior of seven cells. Clearly, in the pro-
posed model applied to simulate these experimental data, the
temperature initially at ambient value, is changed at t [ 0,
and kept constant at �1.1�C as reported in Eq. 1 of Table 1.
Specifically, the average fractional volume of the cell popu-
lation characterized by a size distribution and calculated by

the proposed model as

R þ1
0

V�nðV;tÞdVRþ1

0

V�n0ðVÞdV
, is compared in Figure 6

with the experimental data taken from literature. It may be
seen that a good matching is obtained, thus, showing the
prediction capability of the proposed model. Additionally,
due to the relatively high-system temperature, IIF does not
really take place during this experimental run, and, accord-
ingly, the proposed model predicts no ice nucleation and
growth inside any size class of the cell population. The cor-
responding temporal evolution of the cell-number density
distribution predicted by the proposed model is shown in
Figure 7. Clearly, cells move to the left side of the volume
distribution (i.e., toward smaller volumes), since, due to ice
seeding, the extracellular solution becomes hypertonic with
respect to the intracellular one, thus, inducing cell shrinkage
via water osmosis.

The predictive model capability has been further tested by
comparing experimental data with model results in terms of
PIIF at �40�C as a function of the cooling rate. The cumula-
tive fractional number of cells that underwent IIF at �40�C
reported in Figure 8 is predicted with a reasonable accuracy
when the cell-size distribution reported in Figure 4a is
adopted. The matching is definitely better than the one
obtained by the model proposed by Toner et al.10 where a
sporadic nucleation in a population of identically sized cells
is assumed. In particular, an abrupt increment of PIIF|�40�C
at about �100�C/min is predicted by Toner et al.10 Interest-
ingly, this behavior could be obtained by the model here
proposed if a population of identically sized cells was taken
into account. For this reason, the predictions of the proposed

model, when adopting the distributions n01(V) and n02(V)
shown in Figure 4b, are also plotted. In particular, at �40�C
the population of large cells is completely iced-up in a nar-
row range of applied cooling rates, i.e., (�30�C/min 	
�60�C/min), while a faster temperature gradient (i.e.,
�200�C/min) is necessary to induce IIF in the small cells
distribution, even if only 7% of total cell number is frozen.

Finally, the predictive capability of the proposed model is
verified by comparison with the temporal profiles of the frac-
tional cell volume measured at different cooling rates,10 as
reported in Figure 9. In particular, at �6�C/min (cf. Figure
9a) the modeled temporal profiles of the average fractional
cell volume obtained when adopting as n0(V) in Eq. 2, the
experimentally determined initial cell-size distribution (cf.
Figure 4a), as well as the narrow small and large-size cell
distributions (cf. Figures 4b, n01(V) and n02(V), respectively)
are coincidental, and a good matching with experimental
data is obtained. However, at higher-cooling rates (cf. Figure
9b–f)), the fractional cell volume corresponding to the three
initial distributions mentioned previously display a different
behavior. Specifically, at cooling rates between �50�C/min
and �400�C/min, the temporal profile of the fractional cell
volume obtained with the large-size cell distribution n02(V),
as the initial one greatly overestimates the experimental
data. On the other hand, by adopting the experimentally
determined initial cell-size distribution reported in Figure 4a,
at �50�C/min (cf. Figure 9b), the model prediction still rea-
sonably agrees with the experimental data, while, at higher
cooling rates, it overestimates them (cf. Figure 9c–f)). How-
ever, if the small-size cell distribution n01(V), depicted in
Figure (4b), is taken into account, at any cooling rate the
proposed model shows a good prediction capability of the
experimental data. It is worth noting that, at �400�C/min,
model results obtained from the different initial cell-size

Figure 7. Model results in terms of temporal evolution
of the number density distribution of a rat he-
patocytes population cooled at a constant
temperature of 21.1�C in the presence of
extracellular ice.

Figure 8. Comparison between experimental data and
model predictions (solid line) in terms of PIIF at
240�C for a population of rat hepatocytes as a
function of cooling rate, along with model sim-
ulations performed using the fictitious initial
narrow distributions of small (dashed line) and
large cells (dotted line), as well as the related
results obtained in the literature.
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distributions (cf. Figure 4) are similar if compared to those
ones obtained at relatively lower cooling rates, while, appa-
rently, a better matching with experimental data results.

The reason why our model shows a reasonable predictive
capabilities in a wide range of operative conditions except
for those ones reported in Figure 9c–f, when using the initial
cell-size density distribution n0(V) shown in Figure 4a may
be explained. To this aim, the interplay between water osmo-

sis and IIF kinetics, and the effect of the size distribution on
these coupled phenomena as a function of the cooling rate
need to be more deeply analyzed. First of all, it is well
known in the literature1 that more significant water osmosis
takes place when a lower cooling rate is applied. In particu-
lar, in the system considered in this work, cell shrinkage
occurs until a temperature of �10�C (i.e., far from the eutec-
tic point of �21.2�C) is reached, for the various cooling

Figure 9. Comparison between experimental data and model predictions, obtained using different initial cell-size
distributions, in terms of temporal behavior of the average fractional volume of isolated rat hepatocytes
cooled in the presence of extracellular ice at 26�C/min (a), 250�C/min (b), 275�C/min (c), 2100�C/min
(d), 2150�C/min (e), and 2400�C/min (f), respectively.
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rates considered in Figure 9. This is clearly due to the
Arrhenius-like temperature dependence of membrane perme-
ability (cf. Eq. 8 in Table 1). As cooling rate increases, the
rapid variation of temperature quickly reduces the membrane
permeability, so that a significant dehydration cannot take
place. As a result, the cytoplasm tends to reach a super-
cooled state, and IIF occurs inside an increasing number of
cells, starting from the larger ones and, subsequently, involv-
ing smaller cells (cf. Figure 8). IIF occurrence reduces
exchangeable water, and further limits the osmosis phenom-
enon by lowering the corresponding driving force. Accord-
ingly, the fractional cell-volume variation reported in Figure
9f is less pronounced than the corresponding one reported in
Figure 9a, where IIF does not take place. On the other hand,
the average fractional cell volume obtained at �400�C/min
still varies of about 15% down to �7�C. Thus, the choice to
determine both the osmotic, as well as the IIF related adjust-
able parameters of the proposed model by comparison with
the experimental data given in Figure 5 seems appropriate,
since system behavior is simultaneously affected by both
phenomena.

To better describe the effect of the cell-size distribution
on the interplay between water osmosis and IIF kinetics, we
consider the smallest and the largest size class cells of the
initial population shown in Figure 4a. The corresponding in-
tracellular sodium chloride weight percentage SintNaCl obtain-
able through our model are reported on the relevant phase
diagram as a function of temperature in Figure 10a for the
case of cooling rate equal to �100�C/min, which is taken as
representative, for the sake of brevity, of the different cool-
ing rates investigated. It may be seen that, largest and small-
est size class cells show a different path in terms of SintNaCl.
Specifically, for the case of largest size class cells, the
occurrence of IIF may be recognized from the relatively ab-
rupt slope change of the corresponding path (dashed line),
taking place at about �3�C, toward higher salt concentration
values. Since ice is formed inside largest size class cells, the
intracellular salt concentration rapidly increases, thus, reach-
ing a final intracellular salt concentration higher than that

one of the smallest size class cells, as it may be seen from
Figure 10a. As a consequence of the simultaneous occur-
rence of IIF and osmosis, the computed sodium chloride
weight percentage profile of the largest size class cells sig-
nificantly overlaps with the liquidus line. A similar behavior
is obtained when varying the cooling rate, except for the
case of �6�C/min, where ice is not formed at all. On the
other hand, for the case of the smallest size class cells only
osmotic phenomenon takes place. The latter one is then re-
sponsible, as temperature decreases, for the increase of the
computed sodium chloride weight percentage, which eventu-
ally stops at the eutectic temperature and below, as assumed
by our model. When cooling rate is decreased or increased
from the value of �100�C/min (cf. Figure 10a), if IIF does
not occurs, the final salt concentration inside smallest size
class cells increases or decreases, respectively, since water
osmosis is correspondingly augmented or slowed down.1

The selective character of IIF depending on the size distri-
bution of a cell population is further addressed in Figure
10b, where, for the cooling rate of �100�C/min, the initial
cell-size distribution n0(V) (cf. Figure 4a) is shown along
with the corresponding internal ice volume percentage distri-
bution gice|�40�C (cf. Eq. 26 in Table 1), reported as a func-
tion of initial cell volume. According to the proposed model,
cells are considered iced-up when the corresponding gice is
� 50%. On the basis of this assumption, the shadowed por-
tion of the initial cell-size distribution which corresponds to
the iced-up cells at �40�C may be identified in Figure 10b.
It is apparent that, if the choice of gice � 50% to establish
ice formation would have been different, the shadowed por-
tion would not change significantly due to the characteristic
gice sharp step profile. Along these lines, the unfrozen por-
tion at �40�C of the experimental, initial cell-size distribu-
tion may be identified by its nonshadowed portion. Clearly,
as the cooling rate is decreased or increased from the value
of �100�C/min (cf. Figure 10b), the frozen portion of the
cell-size distribution decreases or increases, respectively. In
particular, for the cases of �6 �C/min or �400�C/min the
unfrozen portion coincides with the entire cell-size

Figure 10. Binary water-NaCl phase diagram where the computed sodium chloride weight percentage SNaCl
int corre-

sponding to the smallest (dotted line), and the largest class size cells (dashed line) depicted in Figure
4a is reported for the case of cooling rate of 2100�C/min (a), and corresponding cell-size distribution,
and internal ice volume percentage distribution gice|240�C as a function of initial cell volume, where fro-
zen and unfrozen cells are indicated by the shadowed and the white areas, respectively (b).
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distribution or, cannot be identified, respectively, since at
�40�C the initial cell-size distribution results to be com-
pletely unfrozen or frozen, correspondingly.

When the corresponding unfrozen portion of initial cell-
size distribution is taken as n0(V) in Eq. 2, in order to solve
the proposed model, the corresponding predictions in terms
of average fractional cell volume reported in Figure 9 (dash-
dotted lines) are obtained. It may clearly be seen that the
proposed model is now able to quantitatively interpret the
experimental data with better accuracy, as compared to
the case when the entire initial cell-size distribution (cf. Fig-
ure 4a) is taken into account. Thus, according to the pro-
posed model, the experimental data considered in Figure 9
seem to be obtained by using only cells where IIF does not
occur, i.e., the smaller cells of the size distribution reported
in Figure 4a. Indeed, the experimental data shown in Figure
9 were originally obtained for analyzing the osmotic behav-
ior (i.e., the determination of cell permeability) by following
cell-size variations under a cryomicroscope. Thus, this com-
mon, experimental practice29 determines the exclusion of the
portion of data until IIF occurs.

It is now possible to explain the reason why our model,
when the initial cell distribution of Figure 4a is accounted
for, shows a reasonable predictive capabilities in a wide
range of operative conditions, except for those ones adopted
in Figure 9c–f. It should be noted in passing that, the frac-
tional cell volume represents the entire cell-size distribution,
i.e., it takes into account both small and large cells. Thus,
when the interplay of water osmosis and IIF phenomena
gives rise to different fates depending on cell size, the com-
parison between model results and experimental data limited
to small size cells may not be successful. This is the case of
Figure 9c–9f. Indeed, in these cases, according to the corre-
sponding model results, the behavior of the small and large
cells is quite different (cf. Figure 10a), and IIF involves a
relevant portion of the size distribution of the cell population
(cf. Figure 10b). Accordingly, in these cases, the calculated
profile of the average fractional cell volume is affected by
both the frozen and unfrozen portions of the cell-size
distribution.

Concluding Remarks

In this work, a mathematical model able to take into
account the effect of the size distribution naturally present in
a cell population suspension subjected to a standard cryocon-
servation protocol is proposed. In particular, a PB approach
for the cell-size distribution is coupled to Mazur’s water os-
mosis equation, and a discrete modeling approach for nucle-
ation and diffusion-limited growth of ice crystals. The ad-
justable model parameters are determined by fitting the cryo-
microscopically measured cumulative probability of internal
ice formation as a function of temperature. Then, model reli-
ability has been tested by predicting system behavior at dif-
ferent operative conditions.

It is found that, differently sized cells in a population ex-
hibit a different IIF temperature under the same operative
conditions. Specifically, the temperature of IIF is higher for
larger cells. On the basis of this result, it is concluded that,
if, in the absence of CPA, a relatively high-linear cooling
rate is applied in a cryoconservation protocol, small and

large cells in a population of the same lineage may behave
quite differently, being the larger ones more prone to form
internal, lethal ice. Thus, cell-size distribution needs to be
taken into account when developing standard cryopreserva-
tion protocols. Indeed, post thaw viability of a cell popula-
tion characterized by a relatively wide-size distribution may
refer only to the small cells initially present, due to the
selective IIF that preferentially kills large cells.

Along these lines of inquiry, the effect of CPAs on cryo-
preservation protocols of differently sized cells population
will be analyzed in a subsequent work, where the implica-
tions and usefulness of the model will be clarified in terms
of practical cryopreservation procedures.
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Notation

a0 ¼ apparent hydrodynamic radius of water molecules in Eq.19,
m

Aw ¼ parameter in Eq. 22, kg � m�1 � s�1

A(t) ¼ Cell membrane surface area, m2

B ¼ constant cooling rate, K � s�1

B0(t) ¼ ice nucleation rate, s�1

c0 ¼ isotonic salt concentration of cytoplasm, mol � m�3

D(t) ¼ water-diffusion coefficient in the cytoplasm, m2 � s�1

D(t) ¼ average water-diffusion coefficient, m2 � s�1

Deq(t) ¼ water-diffusion coefficient in the cytoplasm at equilibrium,
m2 � s�1

E ¼ apparent activation energy for membrane permeation, J �
mol�1

EN ¼ activation energy of nucleation, J
Gv(t) ¼ cell growth rate, m3 � s�1

h ¼ effective number of water molecules in the salt molecule
hydration shell

J(t) ¼ ice nucleation rate per unit liquid solution volume, m3 � s�1

J0 ¼ pre-exponential factor of nucleation rate, m�4

kB ¼ Boltzmann’s constant, J K�1

ke ¼ Einstein’s shape factor
L ¼ cell diameter, m

Lp(t) ¼ effective membrane permeability, m3 � N�1 � s�1

Lp,ref ¼ effective membrane permeability at reference temperature
Tref, m

3 � N�1 � s�1

MWH2O ¼ molecular weight of water, g � mol�1

MWNaCl ¼ molecular weight of NaCl salt, g � mol�1

n(V;t) ¼ cell-number density distribution, m�3

n0(V) ¼ initial cell-number density distribution, m�3

n01(V) ¼ narrow-number density distributions of fictitious population
of small cells, m�3

n02(V) ¼ narrow-number density distributions of fictitious population
of large cells, m�3

nNaCl ¼ number of salt moles inside a cell
Nice(t) ¼ truncated, integer number of ice crystals in a cell
Nice(t) ¼ number of ice crystals in a cell
N0(L) ¼ initial cell number histogram distribution
N0
tot ¼ total number of cells

PIIF(T) ¼ probability of intracellular ice formation
Q ¼ hydrodynamic interaction constant

ri(t) ¼ radius of the i-th intracellular ice crystal, m
r*(t) ¼ critical radius of ice nucleation, m

R ¼ universal gas constant, J � mol�1 � K�1

SintNaCl(t) ¼ liquid intracellular salt wt %
Seq(t) ¼ Liquid salt wt % at equilibrium

t ¼ time, s
T(t) ¼ temperature, K
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Te ¼ eutectic temperature of the binary water-NaCl system, K
Tseed ¼ seeding temperature of extracellular ice, K

vb ¼ osmotically inactive cell volume fraction
Vice ¼ ice molar volume, m3 � mol�1

vH2O ¼ water molar volume, m3 � mol�1

vNaCl ¼ salt molar volume, m3 � mol�1

V(t) ¼ total cell volume, m3

Vb ¼ osmotically inactive cell volume, m3

Vice(t) ¼ intracellular ice volume, m3

VNaCl ¼ intracellular salt volume, m3

Vwater(t) ¼ intracellular liquid water volume, m3

V0 ¼ initial, isotonic cell volume, m3

xintH2O
(t) ¼ intracellular liquid water molar fraction

xeqH2O
(t) ¼ liquid water molar fraction at the equilibrium

xextH2O
(t) ¼ extracellular liquid water molar fraction

Greek letters

c ¼ surface energy for ice nucleation rate, J � m�2

u ¼ dissociation constant for salt in water
/s(S

int
NaCl) ¼ volume fraction of hydrated salt ions in cytoplasmatic

solution
g(t) ¼ cytoplasmatic solution viscosity, kg � m�1 � s�1

gice(t) ¼ intracellular ice volume percentage
gw (T) ¼ pure water viscosity, kg � m�1 � s�1

l ¼ parameter in Eq. 22
qH2O ¼ pure water mass density, g � m�3

Xg(t) ¼ ice growth driving force
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